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Homotopy 0-types

mo(X) = set of connected components of X

captures the homotopy O-type of a topological space X



Homotopy 0-types

mo(X) = set of connected components of X

captures the homotopy O-type of a topological space X,

and is a homotopy invariant: X >~ Y = mo(X) = m(Y).



Toy Application How does one compute the number of objects in
a digital image f: R> — R3 ?
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Se={(xy) €R? ¢ [[f(x, )l <t}
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By = limage( mo(St) — mo(Sy) )| for t < t'
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Homotopy 1-types

The fundamental group

m(X,x0) ={f:[0,1] = X : f(0) =f(1) =x0}/ ~

captures the homotopy 1-type of a connected space for any xp € X



Homotopy 1-types

The fundamental group

(X, x0) ={f:[0,1] = X : f(0)=f(1) =x0}/ =~

captures the homotopy 1-type of a connected space for any xp € X

Hi(X,Q) = (m1(X, x0))ap ® Q
B1(X) =dim( H1(X,Q) ) = ‘number of 1-dimensional holes in X'



GENERAL PROBLEM: Given a set S of points randomly
sampled from an unknown manifold M, what can we infer about
the topology of M?



GENERAL PROBLEM: Given a set S of points randomly
sampled from an unknown manifold M, what can we infer about

the topology of M?
Second Toy Example

S sampled from M C R?



Repeatedly “thicken” the data S to produce a sequence of
inclusions
S§5=5cS5cSc---

and search for “persistent” topological features.



Repeatedly “thicken” the data S to produce a sequence of
inclusions
S§5=5cS5cSc---

and search for “persistent” topological features.




B1(X) = dim(H1(X,Q)) = ‘number of 1-dimensional holes’ in X



B1(X) = dim(H1(X,Q)) = ‘number of 1-dimensional holes’ in X

[S1 S S35 S S5 S6 S Ss
/[0 115 18 4 1 1 1 1

These numbers are consistent with the sample coming from some
region with the homotopy type of a circle.



BEY = rank( Hi(St, Q) = Hi(S,Q) ), t<t'
described by a bar code.



B — rank( Hy(S:, Q) = Hi(5¢,Q) ), t<t
described by a bar code.

(1 bar code for our example
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Third Toy Example vy, vo, ..., vy C R?62144



Third Toy Example vy, vs,..., vy C R202144

Toy data points from

IREQLUVUIPDIPAYDAWCL

TEPLPOYOAAIDIAPTMEYLAR
AP UYIRAIDPIAVYLAWOGLIR
AR 6P AMAIDIPDOIQWHBRTR



Fix a sequence of real numbers 0 < t; < tp < -+ < tr.

The Rips simplicial complex X; has with

» vertex set V ={vq,..., v}

» n-simplices the subsets o C V with n+ 1 vertices and
llv — V|| <t forall v,v' €o.



Persistent 3y for C.(X,):




Persistent (3 for C.(X):

17



Data Model: A homotopy retract Y C Xyo
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Data Model: A homotopy retract Y C Xyo
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Fourth Example

Mumford, Lee, Pedersen: 8000000 random high-contrast 3 x 3
patches in E°.



Fourth Example

Mumford, Lee, Pedersen: 8000000 random high-contrast 3 x 3
patches in E°.

Carlsson, Ishkanov, de Silva, Zomorodian: performed topological
analysis of the data.



We take a small synthetic data set vy, vo, ..., vosg C R? based on




Bo and (31 bar codes for the 256 patches:
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Data Model: A homotopy retract Y C Xg with

» mY = (x,y | xyx"y)

» and just three critical cells €%, e, €1, 2.
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Data Model: A homotopy retract Y C Xg with

» mY = (x,y | xyx"y)

» and just three critical cells €%, e, €1, 2.

Lyndon’s theorem on one-relator groups implies
mY =0,7,Y =0for n>2
and Y ~ Klein Bottle where

Y ={f:S" — Y}/ ~.



Data Model: A homotopy retract Y C Xg with

» mY = (x,y | xyx"y)

» and just three critical cells €%, e, €1, 2.

Lyndon’s theorem on one-relator groups implies
mY =0,7,Y =0for n>2
and Y ~ Klein Bottle where

Y ={f:S" — Y}/ ~.

Caveat: [Kan-Thurston| For any space X there is a map
K(G,1) — X inducing H.(K(G,1)) = H.(X).



Fifth Example H. Sapiens 1v2x protein







Proposition: The alpha carbon atoms of the Thermus
Thermophilus protein determine a knot K with peripheral system
m1(0K) = (a,blaba=tb7t) — m(R3\ K) = (x,y|xyx = yxy)
x"2yx’y

X

)
a —
b —



Proposition: The alpha carbon atoms of the Thermus
Thermophilus protein determine a knot K with peripheral system

m1(0K) = (a,blaba=tb™t) = m(R3\ K) = (x,y|xyx = yxy)
a +— X_2yx2y
b — x

gap> K:=ReadPDBfile("1V2X.pdb");
Pure permutahedral complex of dimension 3

gap> Y:=RegularCWComplex (PureComplexComplement (K));;
Regular CW-complex of dimension 3

gap> i:=Boundary(Y);
Map of regular CW-complexes

gap> phi:=FundamentalGroup (i,22495) ;
[ £f1, £2 1 -> [ £17-3xf2xf172xf2xf1, f1 ]



Proposition (Brendel, E, Juda, Mrozek )

The abelian invariants of subgroups G < m1(R3\ K) of index <7
distinguish between the 46972 ambient isotopy classes of prime
knots with fourteen or fewer crossings, up to chirality.



Homotopy 2-types

A homotopy n-type is a connected CW-space X with
miX={S"—=-X}/~ =0

fori>n+1.



Homotopy 2-types

A homotopy n-type is a connected CW-space X with
miX={S"—=-X}/~ =0

fori>n+1.

Up to homotopy, a homotopy 1-type X is determined by its
fundamental group

m(X,x)={f:[0,1] = X : f(0)=f(1) =x0}/ =~

for any xp € X and can be represented by a group presentation.



Homotopy 2-types

A homotopy n-type is a connected CW-space X with
miX={S"—=-X}/~ =0

fori>n+1.

Up to homotopy, a homotopy 1-type X is determined by its
fundamental group

m(X,x)={f:[0,1] = X : f(0)=f(1) =x0}/ =~

for any xp € X and can be represented by a group presentation.

How do we represent homotopy 2-types?



A CW complex X with 1-skeleton X! yields a fibration
<1
F— X - X

with X' ~ X1,



A CW complex X with 1-skeleton X! yields a fibration
<1
F— X - X

with X' ~ X1,

G = 7r171 actson M = mF and
o M— G

satisfies

» 9(Em) = gmg~t,

» I = mm'mL.



A CW complex X with 1-skeleton X! yields a fibration

F — 71 — X
with X ~ X1
G acts on M and
0:M— G
satisfies

» 9(Em) = gmg~t,

» ImMm = mm'mL.

This algebraic structure MN(X) is a crossed module.



A CW complex X with 1-skeleton X! yields a fibration

F — 71 — X
with X ~ X1
G acts on M and
0:M— G
satisfies

» 9(Em) = gmg~t,

» ImMm = mm'mL.

This structure M(X) is a free crossed module if X = X2.



For P=(x1,...,x4 : r,...,rm) and X = K(P)

G acts on M and
0:M— G

satisfies

» 9(Em) = gmg~t,

» ImMm = mm'mL.

This structure MN(X) is a free crossed module.



For P=(x1,...,x4 : r,...,rm) and X = K(P)

» G = free group on the x;

G acts on M and
0:M— G

satisfies

» 9(Em) = gmg~t,

» ImMm = mm'mL.

This structure MN(X) is a free crossed module.



For P=(x1,...,x4 : r,...,rm) and X = K(P)
» G = free group on the x;

» M = group generated by symbols &r; (g € G) subject to

relations
_ o1
gl’ihl’jgf,- 1 _grig— h r;
G acts on M and
0:M— G
satisfies

» 9(Em) = gmg~t,

» ImMm = mm'mL.

This structure MN(X) is a free crossed module.



For P=(x1,...,x4 : r,...,rm) and X = K(P)
» G = free group on the x;

» M = group generated by symbols &r; (g € G) subject to

relations
gy hrjgri—l _grig th K
> O(8ri) = grig™!
G actson M and
0:M—= G
satisfies

» 9(Em) = gmg~t,

» ImMm = mm'mL.

This structure MN(X) is a free crossed module.



A 2-type X is captured by M(X) = (m1F % 7 X")



A 2-type X is captured by M(X) = (m1F 4 7r171) and encoded as
a presentation

P=(X1,..ciXd : HMy-vusfm : Sly...,Sn)

with
> ri € G = free group on x;;
> s; € ker(0: M — G) where 0 is the free crossed module of
(X1yoeeyXd 5 Myenestm ).



A 2-type X is captured by M(X) = (m1F 4 7r171) and encoded as
a presentation

P=(X1,..ciXd : HMy-vusfm : Sly...,Sn)
with
> r; € G = free group on x;;

> s; € ker(0: M — G) where 0 is the free crossed module of
<X1,...,Xd L n,...,m >

Theorem (Whitehead)

Every P determines, and is determined by, the cell structure on a
3-dimensional CW complex X.



P=(xyz:ild ez
R T A R VS Rl O R

1

where [y, z] := yzy~1z7! and Yx := yxy ! and 9([z,y]) = [z,].



P=(xyz:ild ez
R T A R VS Rl O R

1

where [y, z] := yzy~1z7! and Yx := yxy ! and 9([z,y]) = [z,].

Corrsponding CW complex is ST x S x S where S1 = €% U el.



Theorem (Whitehead)

Quasi  equivalence homotopy classes
classes of crossed ) <+ of homotopy 2-
modules types



Theorem (Whitehead)

Quasi  equivalence homotopy classes
classes of crossed ) <+ of homotopy 2-
modules types

Given a free presentation for the crossed module MN(X) and given
any finite crossed module C, the set of homotopy classes of
morphisms

[M(X), €] = {N(X) = C}/ ~

can be computed and is a homotopy invariant of X.



A morphism of crossed modules induces a group homomorphism on
T = G/@M (1)
and a m;-module homomorphism on

mp = ker(0). (2)



A morphism of crossed modules induces a group homomorphism on
T = G/@M (1)
and a m;-module homomorphism on

mp = ker(0). (2)

Quasi equivalence is the equivalence relation on crossed modules
generated by morphisms where (1) and (2) are isomorphisms.

00140y — - =0, 0



The order of homotopy 2-type X is the least value of m = |M||G]|
for a representative crossed module M 2% 6.

Proposition (E, Le)

The homotopy 2-types of order m are classified up to homotopy for
m < 127, m #£ 32,64,81,96 and are distributed with GAP.



9: Q — Aut(Q)

gap> G2:=AutoCrossedModule (DihedralGroup(216));;

gap> Size(G2);
839808

gap> IdQuasiCrossedModule(G2) ;
[ 72, 68 1]



0: Q — Aut(Q)

gap> G2:=AutoCrossedModule (DihedralGroup(216));;

gap> Size(G2);
839808

gap> IdQuasiCrossedModule(G2) ;
[ 72, 68 1]

gap> G:=SmallQuasiCrossedModule(72,68) ;
Crossed module



0: Q — Aut(Q)

gap> G2:=AutoCrossedModule (DihedralGroup(216));;

gap> Size(G2);
839808

gap> IdQuasiCrossedModule(G2) ;
[ 72, 68 1]

gap> G:=SmallQuasiCrossedModule(72,68) ;
Crossed module

gap> Homology(G,5);
[2,2,2,2,2,2,2,2,2,2, 18]



Computations?

A finite regular CW complex is readily stored on a computer.

2 3 4
1 1
7 7
6 6
5 5




A simple homotopy collapse X Ue"Ue"™ ! \, X



A simple homotopy collapse X Ue"Ue"™ ! \, X

is stored in computer as a pair (e”‘l, e") or arrow el 5 en



t




2 3 4
1 —— 1|
< =
7 t
< =
6 p—— (
<—‘———>
5 p—p— 5
<—‘———>
1 1
2 3 4

A discrete vector field is a collection of arrows e"~! — e with
e" 1 in the boundary of e” and with any cell involved in at most

one arrow. It is admissible if there is no chain

’ (ef_lv ef)v (eg_lv eg)v (65_17 eg)v e
_n—l

with each e/ ;" in the boundary of e and with infinitely many (not
necessarily distinct) terms to the right.



A regular CW complex X with admissible discrete vector field
represents a homotopy equivalence

X =Y

where Y is a CW complex whose cells correspond to those of X
that are neither source nor target of any arrow.



A regular CW complex X with admissible discrete vector field
represents a homotopy equivalence

X =Y

where Y is a CW complex whose cells correspond to those of X
that are neither source nor target of any arrow. Such cells of X are
critical.



An admissible discrete vector field on X? with just one critical
0-cell represents a presentation for 71 .X.



An admissible discrete vector field on X? with just one critical
0-cell represents a presentation for 71 .X.




