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1.

(a) Determine the seventh digit of the ISBN number 0-486-45762-6.
(b) Calculate the number ¢(175) of integers from 1 to 175 that are coprime to 175.
Use Euler’s Theorem to compute

3923 mod 175.

(c) Solve the simultaneous congruences:

x=5 (mod 7),
x =3 (mod 8),
x=1 (mod9).
2.
(a) The ciphertext
EMFIIVZS

was produced by applying the function

X X ) 6 15
fe: <y)>—>/\(y) WlthA=<5 16)

to 2-letter message units over the alphabet A =0,B =1, ..., Z = 25. Calculate
A~ (mod 26) and hence determine the first FOUR letters of plaintext.
(b) Find the inverse of

~1 0 5
A= —2 -1 8
~1 0 4

3.

(a) Let f: R? — R? be reflection in the line y = x and let g: R? — R? be clockwise
rotation through 90° around the origin. Find the point v = (x,y) € R? such that

flgv)) = (=3,-2).

(b) Consider
1 1 1++5 1—+v5
A:<1 o>> =y b= '

(i) Compute the sum, the difference and the product of ¢ and ¢,.
(ii) Verify that

V]:<;1> and \)2:(;:)

are eigenvectors of A, and determine the corresponding eigenvalues.
(iii) Find a diagonal matrix D and an invertible matrix T such that A = TDT~'.
(iv) Hence solve the recurrence relation

fn+1:fn+fnf1> fO:O, f1:1, Tl>1




4.

(a) For the function f(x) = L, determine lim f(x), lim f(x) and lim f(x).
x—4 X—+00 X——00 x—4-

Hence write down the horizontal and vertical asymptotes of f.

(b) Calculate the following limits where they exist:
Lo Vx—=3 R T L
CR R IS ==

(c) Explain, with reference to the definition of continuity, why the following function
g : R — R is continuous at each point of R:

sinx

if x # 0,

gx)=4¢ x
1 ifx =0.

5.
(a) State the Intermediate Value Theorem and use it to prove that the equation

Vx=1—x

has exactly one solution in (0, 1).

(b) Consider the function

XZ

Vx+ 1

f(x) =

(i) Write down the natural domain of f.
(ii

)

) Determine all critical points of f, recalling the domain of f from (i).
(iii) Find the intervals on which f increases/decreases.

)

(iv) For each critical point, decide whether it is a maximum, a minimum, or
neither.

6.
(a) Find antiderivatives of each of the following functions
1

V2t+1°

(b) It is known that for an ideal pendulum and for small initial displacement angle 0
(from the vertical), the displacement angle 0(t) at time t seconds is described by
the differential equation

d’0 g do
&Y 990 =0, 06(0)=0 =
Ty (t) =0, 6(0) = 6o, It

where g is acceleration due to gravity and 1 is the length of the pendulum. By
considering the Cosine function or otherwise solve the above differential equation.
When will the pendulum first return to the vertical?

f(t) =e",  g(t)=tsin(t?), h(t) =

(O) = O»



