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Homological invariants of dynamical systems



Wazewski Theorem:

e A C X is a deformation retract of X if
there exists a map r : X — A homotopic

to identity on X such that 74 = id|4
e [he exit set of N C X, denoted N, is

{reN| Je>0:¢(x,t) €N for0<t<e}

e A compact set NV is an isolating block iff
N~ is closed

Tadeusz Wazewski,
1896-1972

Theorem. (Wazewski, 1947) If N is an isolating block
and N~ is not a deformation retract of IV, then there exists an

x € N such that p(x) C N.
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Isolated invariant setss

® a compact set N is an isolating neighborhood iff
re€bdN = p(x)Z N.

N is an isolating neighborhood iff Inv(N, ¢) C int V.

A compact set S C X is called an isolated invariant set if there
exists an isolating neighborhood N such that S = Inv(V, p).



Conley index-

Theorem. (Conley and students, 1978)
e For every isolating neighborhood N of S there exists an
isolating block M such that S C M C N.
e If My and M, are two such blocks, then (M /M, [M;])
and (Msy/M, ,[M, |) are homotopy equivalent and, in par-
ticular,

H*(My, M) = H*(Msy, My).

The cohomological Conley index of S and N is
Con*(N, ) := Con*(S, ¢) == H* (M, M™).
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Main properties i

Theorem. (Conley and students, 1978)
e Wazewski property:
Con*(N,p) #0 = Inv(N, p) # 0.

e Hopf property: If x(Con™(V,)) # 0 then there exists
an x € N such that p(z) = {x}.

e Additivity: If S = S; U S5 and S; NSy # () then

Con*(S, p) = Con™(51, ) & Con™(.Ss, ).

e Homotopy invariance: If N is an isolating neighbor-

hood for a family of flows ¢; continuously depending on ¢

then
COH*<N, @0) — COH*<N, @1)



Discrete case 1

Let f: X — X be the generator of @, i.e. f(x) :=¢(z,1).
e A function o : Z — N is a solution to f through zin N C X if 0(0) = x
and f(o(n)) =c(n+1) for all n € Z.
e invariant part of N C X:

Inv(N, f) :={x € N | do :Z — Na solution to f through x }

e A compactset S C X is called an isolated invariant set for f if there exists
a compact neighborhood N of S such that S = Inv(V, ) C int N.
e Then, N is called an isolating neighborhood (for 5).



Index pairs :;

A pair of compact sets P = (P, P,) is called an index pair
for f and an isolated invariant set S iff

(i) (positive relative invariance)
f<P2> NP CPs
(ii) (exit set)
PN C](f<P1> \ Pl) C B
(iii) (isolation)
S = IHV(CI(Pl \ Pg), f) C il”lt(Pl \ P2>



Index pairs

Proposition.  If pair P = (P, P») of compact subsets of
an isolating neighborhood N satisfies

f<P2> NP CP
P\ f7H(N) C P,
[nv N C int( P\ P,).
then P is an index pair for f and Inv(N, f).

H*(Py, P) is not an invariant.



Normal functors s

e £ - a category
e the category of endomorphisms of &:
— Objects: pairs (E,¢e), where A € £ and e € E(E, F)
— Morphisms: ¢ (Ey,,e1) — (Ea, e9) iff p € E(Ey, E5) and e; = eqt)
e the category of automorphisms of £ - full subcategory of Endo(&) consist-
ing of pairs (A, a) € Endo(€) such that a € £(A, A) is an automorphism
e [ : Endo(€) — C is a normal functor if L(e) is an isomorphism in C for
any endomorphism ¢ € £(F | F).



Leray Functor

e ), - the category of finitely dimensional vector spaces over R
e the generalized kernel of o € Vo(V, V) is

gker o := U ker o

nEN
e the Leray functor L : Endo(Vy) — Auto(Vy):

L(V,v) := (V/ gker v, v")

Leray functor is normal



Index quadruples and index maps

A quadruple P = (P, P,, P, P,) is an index quadruple for f
and S if (P, P) is an index pair for f and S and (P, P,) is a
topological pair such that the map

fp: (P, P) >z — f(x) € (P, P)
ip: (P, P) 2z —xe(P,DB)
are well defined and ¢p is an excision (induces an isomorphism
in cohomology)

Given an index quadruple, we define the index map as the
composition
Ip = H"(fpp)o H*(tp)™



The Conley index for discrete dynamical systems s

Theorem. (MM,1990,2005) For every isolating neighbor-
hood N of f there exists an index quadruple P such that

Inv(N, f)C PLC P, C N.
Moreover, if P and () are two such quadruples, then
L(H*(P1, P5),Ip) = L(H*(Q1,Q2), Lo).

The Conley index of f in IV is
(CH*(N, f),x(N, f)) = L(H* (P, P,), Ip).
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e JW. Robbin, D. Salamon, 1988 - shape theory, inverse limit functor

e MM, 1990 - cohomology, Leray functor

e A. Szymczak, 1995 - homotopy, Szymczak functor (most general)

e J. Franks, D. Richeson, 2000 - a reformulation of Szymczak construction
in terms of shift equivalence
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Main properties »

Theorem.
e Wazewski property (J.W. Robbin, D. Salamon, 1988):

Con*(N, f) #0 = Inv(N, f) # 0.

e Lefschetz property (MM, 1989): If A(x(NV, f)) # 0
then there exists an x € N such that f(x) = x.

e Additivity:(J.W. Robbin, D. Salamon, 1988): If S =
S1 U Sy and S1 NS, 7é () then

Con*(S, f) = Con*(S1, f) @& Con™(Sy, f).

e Homotopy invariance:(J.W. Robbin, D. Salamon,
1988): If N is an isolating neighborhood for a family of
flows f; continuously depending on ¢ then

Con*(N, fy) = Con™(N, f1).



Discrete vs. continuous case. 2

Theorem. (MM, 1990) Let ¢ : X xR — X be a flow and
fort € R let ¢; : X — X be the map defined by

pi() = ().
If S C X is a compact set, then the following conditions are
equivalent.
(i) S is an isolated invariant set with respect to ¢,
(i) S is an isolated invariant set with respect to (; for all £ # 0,
(iii) S is an isolated invariant set with respect to ¢; for some
t # 0.
Moreover, if one of the above conditions is satisfied, then for
any t # 0
X(N, 1) = id,
Con™(N, ¢;) = Con™(N, ¢).



Conley index and horseshoe dynamics

Given a compact set N and o € {0, 1}" put
n—1
N, = ﬂ (N
i=0
and for a = (al,a?, ... a™) with o/ € {0,1}" put

N@ e LmJ N&j.
j=1

Proposition. If NV is an isolating neighborhood for f then
so is IV, and NN,



Conley index and horseshoe dynamics :

Theorem. (K. Mischaikow, MM, 1993) Assume
N = NyU N,
is an isolating neighbourhood for f such that Ny and N; are
disjoint compact polyhedra. If for £k = 0,1
" 1 (Q,1d) ifn=1
Con* () = { 0  otherwise

and X*(NOO,OI,H; f), X*<N00710711, f) are different from identity
then there exists a d € N and a continuous surjection

p:Inv(N, f) — ¥,
such that

pofi=cop

where o : X9 — >y is the full shift dynamics on two symbols.
Moreover, for each periodic sequence @ € >y there exists a
periodic point z € N such that p(z) = «.
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™1
a
et
i

1!"1
e OORPRNO¥ =
PR R Rl R
e D=n00R
oc=Ccan
D S9%e2 e =
CIR I T
oe~==~"a0e

@ = @ e 00
L r—————




An example »




An example

: !
% !
e w 1-.1

:.1 . T ‘

. ;

" [
'. -
B aawm w a



References 2

e T. Wazewski, Une méthode topologique de |'examen du phénomene
asymptotique relativement aux équations différentielles ordinaires,

(1947).
e C. Conley, Isolated invariant sets and the Morse index,
(1978).

e J. Robbin and D. Salamon, Dynamical systems, shape theory, and
the Conley index, (1988).
e MM, Leray functor and the cohomological Conley index for discrete

time dynamical systems, (1990).
e A. Szymczak, The Conley index for discrete semidynamical systems,
(1995).

e J. Franks and D. Richeson, Shift equivalence and the Conley index,
(2000).



