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•Dynamical systems
•Rigorous numerics of dynamical systems
•Homological invariants of dynamical systems
•Computing homological invariants
•Homology algorithms for subsets of Rd

•Homology algorithms for maps of subsets of Rd

•Applications



Ważewski Theorem 3

Tadeusz Ważewski,
1896-1972

• A ⊂ X is a deformation retract of X if
there exists a map r : X → A homotopic
to identity on X such that r|A = id|A

• The exit set of N ⊂ X, denoted N−, is

{x ∈ N | ∃ε > 0 : ϕ(x, t) 6∈ N for 0 < t < ε}
• A compact set N is an isolating block iff
N− is closed

Theorem. (Ważewski, 1947) If N is an isolating block
and N− is not a deformation retract of N , then there exists an
x ∈ N such that ϕ(x) ⊂ N .
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Isolated invariant sets 6

• a compact set N is an isolating neighborhood iff

x ∈ bdN ⇒ ϕ(x) 6⊂ N.

N is an isolating neighborhood iff Inv(N,ϕ) ⊂ intN .

A compact set S ⊂ X is called an isolated invariant set if there
exists an isolating neighborhood N such that S = Inv(N,ϕ).
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Theorem. (Conley and students, 1978)

• For every isolating neighborhood N of S there exists an
isolating block M such that S ⊂M ⊂ N .

• If M1 and M2 are two such blocks, then (M1/M
−
1 , [M

−
1 ])

and (M2/M
−
2 , [M

−
2 ]) are homotopy equivalent and, in par-

ticular,

H∗(M1,M
−
1 ) ∼= H∗(M2,M

−
2 ).

The cohomological Conley index of S and N is

Con∗(N,ϕ) := Con∗(S, ϕ) := H∗(M,M−).
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Charles Conley
1933-1984
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Theorem. (Conley and students, 1978)

•Ważewski property:

Con∗(N,ϕ) 6= 0 ⇒ Inv(N,ϕ) 6= ∅.
•Hopf property: If χ(Con∗(N,ϕ)) 6= 0 then there exists

an x ∈ N such that ϕ(x) = {x}.
•Additivity: If S = S1 ∪ S2 and S1 ∩ S2 6= ∅ then

Con∗(S, ϕ) = Con∗(S1, ϕ)⊕ Con∗(S2, ϕ).

•Homotopy invariance: If N is an isolating neighbor-
hood for a family of flows ϕt continuously depending on t
then

Con∗(N,ϕ0) = Con∗(N,ϕ1).



Discrete case 12

Let f : X → X be the generator of ϕ, i.e. f (x) := ϕ(x, 1).

• A function σ : Z → N is a solution to f through x inN ⊂ X if σ(0) = x
and f (σ(n)) = σ(n + 1) for all n ∈ Z.

• invariant part of N ⊂ X:

Inv(N, f) := {x ∈ N | ∃σ : Z → Na solution to f through x }
• A compact set S ⊂ X is called an isolated invariant set for f if there exists

a compact neighborhood N of S such that S = Inv(N,ϕ) ⊂ intN .
• Then, N is called an isolating neighborhood (for S).
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A pair of compact sets P = (P1, P2) is called an index pair
for f and an isolated invariant set S iff

(i) (positive relative invariance)
f (P2) ∩ P1 ⊂ P2

(ii) (exit set)
P1 ∩ cl(f (P1) \ P1) ⊂ P2

(iii) (isolation)
S = Inv(cl(P1 \ P2), f) ⊂ int(P1 \ P2)



Index pairs 14

Proposition. If pair P = (P1, P2) of compact subsets of
an isolating neighborhood N satisfies

f (P2) ∩ P1 ⊂ P2

P1 \ f−1(N) ⊂ P2

InvN ⊂ int(P1\P2).

then P is an index pair for f and Inv(N, f).

H∗(P1, P2) is not an invariant.



Normal functors 15

• E - a category
• the category of endomorphisms of E :

– Objects: pairs (E, e), where A ∈ E and e ∈ E(E,E)
– Morphisms: ψ (E1, , e1) → (E2, e2) iff ψ ∈ E(E1, E2) and ψe1 = e2ψ

• the category of automorphisms of E - full subcategory of Endo(E) consist-
ing of pairs (A, a) ∈ Endo(E) such that a ∈ E(A,A) is an automorphism

• L : Endo(E) → C is a normal functor if L(e) is an isomorphism in C for
any endomorphism e ∈ E(E,E).



Leray Functor 16

• V0 - the category of finitely dimensional vector spaces over R
• the generalized kernel of α ∈ V0(V, V ) is

gkerα :=
⋃
n∈N

kerαn

• the Leray functor L : Endo(V0) → Auto(V0):

L(V, v) := (V/ gker v, v′)

Leray functor is normal .



Index quadruples and index maps 17

A quadruple P = (P1, P2, P̄1, P̄2) is an index quadruple for f
and S if (P1, P2) is an index pair for f and S and (P̄1, P̄2) is a
topological pair such that the map

fP : (P1, P2) 3 x→ f (x) ∈ (P̄1, P̄2)

ιP : (P1, P2) 3 x→ x ∈ (P̄1, P̄2)

are well defined and ιP is an excision (induces an isomorphism
in cohomology)

Given an index quadruple, we define the index map as the
composition

IP := H∗(fPP̄ ) ◦H∗(ιP )−1



The Conley index for discrete dynamical systems 18

Theorem. (MM,1990,2005) For every isolating neighbor-
hood N of f there exists an index quadruple P such that

Inv(N, f) ⊂ P1 ⊂ P̄1 ⊂ N.

Moreover, if P and Q are two such quadruples, then

L(H∗(P1, P2), IP ) ∼= L(H∗(Q1, Q2), IQ).

The Conley index of f in N is

(CH∗(N, f), χ(N, f)) := L(H∗(P1, P2), IP ).
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• J.W. Robbin, D. Salamon, 1988 - shape theory, inverse limit functor
• MM, 1990 - cohomology, Leray functor
• A. Szymczak, 1995 - homotopy, Szymczak functor (most general)
• J. Franks, D. Richeson, 2000 - a reformulation of Szymczak construction

in terms of shift equivalence
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Theorem.
•Ważewski property (J.W. Robbin, D. Salamon, 1988):

Con∗(N, f) 6= 0 ⇒ Inv(N, f) 6= ∅.
• Lefschetz property (MM, 1989): If Λ(χ(N, f)) 6= 0

then there exists an x ∈ N such that f (x) = x.
•Additivity:(J.W. Robbin, D. Salamon, 1988): If S =
S1 ∪ S2 and S1 ∩ S2 6= ∅ then

Con∗(S, f) = Con∗(S1, f)⊕ Con∗(S2, f).

•Homotopy invariance:(J.W. Robbin, D. Salamon,
1988): If N is an isolating neighborhood for a family of
flows ft continuously depending on t then

Con∗(N, f0) = Con∗(N, f1).



Discrete vs. continuous case. 23

Theorem. (MM, 1990) Let ϕ : X ×R → X be a flow and
for t ∈ R let ϕt : X → X be the map defined by

ϕt(x) := ϕ(x, t).

If S ⊂ X is a compact set, then the following conditions are
equivalent.

(i) S is an isolated invariant set with respect to ϕ,
(ii) S is an isolated invariant set with respect to ϕt for all t 6= 0,
(iii) S is an isolated invariant set with respect to ϕt for some

t 6= 0.

Moreover, if one of the above conditions is satisfied, then for
any t 6= 0

χ(N,ϕt) = id,

Con∗(N,ϕt) ∼= Con∗(N,ϕ).



Conley index and horseshoe dynamics 24

Given a compact set N and α ∈ {0, 1}n put

Nα :=

n−1⋂
i=0

f i(Nαi)

and for ᾱ = (α1, α2, . . . αm) with αj ∈ {0, 1}n put

Nᾱ :=

m⋃
j=1

Nαj.

Proposition. If N is an isolating neighborhood for f then
so is Nα and Nᾱ



Conley index and horseshoe dynamics 25

Theorem. (K. Mischaikow, MM, 1993) Assume

N = N0 ∪N1

is an isolating neighbourhood for f such that N0 and N1 are
disjoint compact polyhedra. If for k = 0, 1

Conn(Nk) =

{
(Q, Id) if n = 1

0 otherwise

and χ∗(N00,01,11, f), χ∗(N00,10,11, f) are different from identity
then there exists a d ∈ N and a continuous surjection

ρ : Inv(N, f) → Σ2

such that
ρ ◦ f d = σ ◦ ρ

where σ : Σ2 → Σ2 is the full shift dynamics on two symbols.
Moreover, for each periodic sequence α ∈ Σ2 there exists a
periodic point x ∈ N such that ρ(x) = α.
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