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@ Background and setup:

- Multivariate Gaussians and linear concentration models
- Maximum likelihood estimation

- Convex algebraic geometry

@ Guiding question

@ 2 classes of linear concentration models
- Gaussian graphical models

- Colored Gaussian graphical models



@ Nm(0,%):
- 2 € 87 covariance matrix
-L:=(Kq,...,Kg) linear subspace of S™
-K:=Y"1t¢ S concentration matrix with K € £

@ Linear concentration model:
[,;(1) — {Z - S"QO . Yl e E}

@ Data:
- X41,..., X, € R™ iidsamplesfrom N,,(0,%), n<m
- S:=23"" X5 X[ e S sample covariance matrix
- (S,K;), j=1,...d sufficient statistics
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< The linear concentration model consists of all multivariate Gaussians

whose concentration matrix is of the form

A1 A2 As
K=1X M M\
A3 A4 M

< Given a sample covariance matrix .5, the sufficient statistics are:

tl — trace(S), tg — 2312, t3 — 2813, t4 — 2823.



@ Log-likelihood function:

logdet(K) — (S, K) = logdet (Z;-l:l )\jKj) -3 1 A (S, Kj)

J:

Theorem (exponential families):

In a linear concentration model the MLEs 3 and K exist if and only if

ﬁberg(S) = {E < STO : (E,KJ> — (S, Kj), j — ].,. ,d} 75 @

Then ¥ € £} is uniquely determined by
(3, K;) = (S,K;) for j=1,...,d



? Under what conditions on (L, S) does the MLE exist?

? Under what conditions on (L, n, (Xq,...,X,)) does the MLE exist?

= |n this talk we'll study the first problem.



@ Cone of concentration matrices:

_ {(Al,...,Ad)eRd B )\iKi>O}

@ Cone of sufficient statistics:

Ce = m(ST)
where T ST — ST/ L

respectively 7, :S™ — RY S+ ((S,K1),...,(S,Ky))



Theorem:

C. is the convex dual to K. Furthermore, K and C are closed

convex cones which are dual to each other with
/C_[;ZEHSQO and CEZWE( 7;0)

Theorem (exponential families):

The map
K—T= 7T£(K_1)

is a homeomorphism between K, and C,.

The inverse map 7' — K takes the sufficient statistics to the MLE of
the concentration matrix. Here, K~ is the unique maximizer of the

determinant over 7 (1) N ST,



2 Under what conditions on (L, S) does the MLE exist?

= Pass to C to make problem easier.

Guiding question:
Determine hypersurface 9C, C P41 ;

=+ \What is its defining polynomial H ?



Example:

L given by




< surfex: a software for visualizing algebraic surfaces



Theorem:

Each irreducible hypersurface in the Zariski closure of OC, is the
projectively dual variety to some irreducible component of the
hypersurface {det(K) =0} c P?"!, oritis dual to some irreducible
variety further down in the singularity stratification of {det(K) = 0}.

Example:

1) Irreducible components: Primary decomposition of ideal of p X p minors:
(A3 4+, Ao+, A1 = As), (Az+Ag, Ao =g, Ai+Aa), (As—Ag, Ao+ Ay, A+ Ay),
(A3—=Ag, Aa—Ag, A=), (A3 —=AA3 = AA54+2X0 0304 — A1 A9).

ii) Check which components meet 0K - : all 5 components.

i) Dualize components:
Hp = (t1—to—ts+ts) - (t1—ta+ts3—ts) - (L1+ta—ts—1t4) - (t1+ta+is+14)
(t3t3 —2tqtotaty+tat: +t5t7)



Hp = (ti—to—ts+ty) - (t1—tat+ts—ty) - (t1+to—ts—1t4) - (t1+t2+1i3+14)
(t3ts — 2t totsty+tats +1aty)



@ G = (|m], E) undirected graph with (7,5) € E Vj € [m)].

@ L CS"™ is defined by the linear equations

kz'j =0 for (’L,]) ¢ E.

% Kp={K eSSl : K;; =0for (i,5) ¢ E}
% Cr=1{S¢g € R¥ . S& extendable to pd matrix }

<% ML estimation in Gaussian graphical models = classical pd

matrix completion problem



@ G = (|m], F) undirected graph.

e V=ViuU---UVp, P<m, partitioning in vertex color classes.
o FE=FE U---UFEg, Q<|E|, partitioning in edge color classes.
@ G=(V,€&) colored graph

@ [ C S™is defined by the following linear equations:
@ ki; =0 for (i,5)¢FE
@ ki; = k;; for 2, 7 in common vertex color class
@ kij =kg for (4,7), (s,t) in common edge color class



( Ki; =0 for (i,5) ¢ F )
*]C£=<K€STOI KiiIij fOI"I:,jEV}; >
\ Kij = K, for (’L,]), (S,t) < Eq )

+ Cc = {(Zievp Sit)p=1,..P> (21, jyer, Sij)a=1....@ * 5§ € Sfo}

< ML estimation in colored Gaussian graphical models = special

pd matrix completion problem:

Given §1,...,0p € R and n1,...,1n9 € R, determine whether there
exists a PD matrix ¥ = (o;,) with

Z Oii = 0p, VP and Z oij =g, V4.

eV (i,)EE,



< Our guiding example!



Paper just appeared on the arXiv:

B. Sturmfels, C. U.: Multivariate Gaussians, Semidefinite Matrix
Completion, and Convex Algebraic Geometry

arXiv:0906.3529
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