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Problem: Compute

H.(G,7) = H.(BG,Z) = Tor’¢(z,7)
(where BG = X/G, any contractible space X with free G-acton).
lllustration: G = (x, y|xy = yx), X = R?

y
X

=0 — 7.G —- 7G2G —7ZG
Ho(G,Z) = ker(Ch(X) ®@z6 Z — Ch-1(X) ®zc Z)

~ Image(Chi1(X) ®z6 Z — Co(X) Rz Z))

| Z®Z, n=1
] Z, n=2



COMPUTER EXAMPLE

(Number Crunching)



Low-dimensional homology of Mathieu groups

G | Hx(G,Z) | H3(G,Z) | Hy(G,Z) | Hs(G,Z)

Mi1 10 Zsg 0 Zio

Mo | Z ZLe ©Lg | 13 (Z2)?

Moi | Zg ® Z1» | Zs 0 (Zz)4 D Ly D Zeg
M2 | Z12 0 0 (Z2)? @ Z7

M3 | 0 0 0 Z7

M | O Z1> (Zy)? (Z2)P @ (Za)* ® Z7

0<a<32,0<h<520<c<1



Low-dimensional homology of Mathieu groups

G Hy(G,Z) | H3(G,Z) | Hy(G,Z) | Hs5(G,Z)

M1 |0 Zsg 0 Z

Mz | Zo Ze ® ZLg | L3 (Z2)3

Moi | Zg ® Z1» | Zs 0 (Zz)4 D Ly D Zeg
Mao | Z12 0 0 (Z2)* ® Z7

Moy | 0 0 0 Z7

M | O Z1> (Zy)? (Z2)P @ (Za)* ® Z7

0<a<32,0<h<520<c<1

GAP commands

gap> GroupHomology (MathieuGroup(23),5);
[ 7]
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Analysis of GAP commands

> |Mpys| = 10200960 = 27.32.5.7.23

» P = Syl,(Ma3) are small. Brute force: construct contractible
CW-space X(,) with free P-action.

> Xy = X =
> Ci(X(p)) is a free ZP-resolution of Z.

» During construction of X, record an explicit contracting
homotopy h: Cu(X(p)) — Cit1(X(p)) where, by definition

hd + dh = 1.



ker( Ho(P,Z) —» Hn(G,Z)(p) )

described by homomorphisms
tx: Ho(P,Z) — Hy(xPx™1,7Z),

for double coset representatives x.



> ker( Ha(P,Z) — Hn(G,Z)p) )

described by homomorphisms
ix: Hao(P,Z) — Hp(xPx™1,7),
for double coset representatives x.

> ., constructed using h,.



RESOLUTIONS

(Polytopes and perturbations)



Easy example: The quaternion group of order eight
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Easy example: The quaternion group of order eight

. i 0 0 -1 4
G.—<<0 —i>’<1 0 )>actsonR.

For v =(1,0,0,0) compute
P = Convex Hull{g - v: g € G} c R*.

exact sequence of ZG-modules.

C4(P) = Z and Hy(P) = Z = periodic ZG-resolution
=G —=-0G—-G— G- G — .

In happens to be free!



gap> A:=[[ 0,-1,0,0,1,[1,0,0,0,1,[0,0,0,11,[0,0,-1,011;;
gap> B:=[[ 0,0,-1,0],[0,0,0,-11,[1,0,0,01,[0,1,0,01];;
gap> G:=Group([A,B]);;

gap> P:=PolytopalComplex(G,[1,0,0,0]);;



gap> A:=[[ 0,-1,0,0,],[1,0,0,0,1,[0,0,0,1]1,[0,0,-1,0]];;
gap> B:=[[ 0,0,-1,0],[0,0,0,-11,[1,0,0,01,[0,1,0,01];;
gap> G:=Group([A,B]);;

gap> P:=PolytopalComplex(G,[1,0,0,0]);;

gap> TP:=TensorWithIntegers(P);;
gap> Homology(TP,3);
[ 8]



gap> A:=[[ 0,-1,0,0,],[1,0,0,0,1,[0,0,0,1]1,[0,0,-1,0]];;
gap> B:=[[ 0,0,-1,0],[0,0,0,-11,[1,0,0,01,0,1,0,011;;
gap> G:=Group([A,B]);;

gap> P:=PolytopalComplex(G,[1,0,0,0]);;

gap> TP:=TensorWithIntegers(P);;
gap> Homology(TP,3);
[ 8]

gap> PresentationOfResolution(P);
(relators := [ f2*f3"-1%f1°-1, f3*xf2*xf1°-1,
f1x£2xf3, f1x£37-1*xf2 ] )

So
G=<ijk:ij=kjk=iki=jiki=1>.
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to get a free ZMb4-resolution.
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Harder example: G = Moy
IDEA:

> Moy < Sos acts on R?*. Compute

P = P,(Ma4) = Convex Hull(g.v : g € Mas)

» Determine face stabilizer subgroups.

» Combine C,(P) with free resolutions for stabilizer subgroups
to get a free ZMb4-resolution.

If v=(1,2,3,4,5,0,...,0) then P,(Mas) = P,(S24)
and 54 is a finite reflection group!



Proposition
For a finite reflection group W generated by simple reflections
X1, ,Xn, and for v not in a mirror, the polytope P,(W) has

k-faces < cosets of subgroups < x;,, -+, x;, >



Proposition
For a finite reflection group W generated by simple reflections
X1, ,Xn, and for v not in a mirror, the polytope P,(W) has

k-faces < cosets of subgroups < x;,---,x;, >

Example
Sy with generators x = (1,2),y = (2,3),z = (3,4)




Observation

The length of those edges labelled by generator x in P, (W)
decreases as the vector v is moved towards a mirror H,
corresponding to the reflection x.



Observation

The length of those edges labelled by generator x in P, (W)
decreases as the vector v is moved towards a mirror H,
corresponding to the reflection x.

Example

2

W= (xy,z:x>=y>=22=(xy)® = (y2)* = (x2)* =

1)
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Consequence
For W generated by S = {x1,...,xp}, and for D C S, choose
v € NxepHx. Then P, (W) is an example of a Wythoff polytope.

For T C S set
TLt={yeD : yx=xyforallxe TN(S\ D)}
Say T C S is degenerate if thereisa y € DN T such that xy = yx
forall xe TN(S\ D). Set ND ={T CS: T non — degenerate}.
Proposition (E & Dutour) The face-lattice of the Wythoff polytope
P, (W) is isomorphic to
{w<TUT > : TCND,we W}

Example
For v =(1,2,3,4,5,0,...,0) € R?* and P = P,(Mp4) we can
describe the non-free ZMby-resolution

- — G(P) — G(P) — Gi(P) — Go(P).
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Let C,: — C, — C,_1 — -+ — (o be any non-free ZG-resolution
of some module M.

Suppose that, for each p, we have a free ZG-resolution of C,

Dps: = Dpg— Dpg-1 =+ = Dpo— G

Lemma (C.T.C. Wall)

There exists a free Z.G-resolution R — M with

RC= @ Dpg.

p+q=n

Can be used to obtain a free Zy4-resolution.
Can also be used to obtain a free ZG-resolution

RG — RN®R>,(<G/N)

where G is any group with normal subgroup N.



COHOMOLOGY RINGS

( Grobner Bases)



Cohomology H*(G, A) is a ring:

(G, A) = ker(Homrg (RS, A) — Hompg (RS, 1, A))

Image(Hompg(RG A) — Homyg (RS, A))

n—1>

U: H™(G, A) x H"(G, A) — H™1(G, A)



Cohomology H*(G,A) is a ring:

ker(Homyg(RnG, A) — HomFG(RnGHa A))
Image(Hompg(RnG_l, A) — HomFG(RnGv A))

H™(G,A) =

U: H™(G, A) x H"(G, A) — H™1(G, A)

Easy example
Goa = F/[F,[F,[F,[F,F]]]] where F is free of rank 2.

The ring H*(Gy,4,Z) is minimally generated by 30 classes.



Cohomology H*(G, A) is a ring:

ker(Hompg (RnG, A) — Hompg (RnG+17 A))

H"(G,A) =
(G, A) Image(Hompg (RS ;,A) — Hompg (RS, A))

U: H™(G, A) x H"(G, A) — H™1(G, A)

Easy example
Goa = F/[F,[F,[F,[F,F]]]] where F is free of rank 2.

The ring H*(G2,4,Z) is minimally generated by 30 classes.

gap> G:=NilpotentQuotient (FreeGroup(2),4);;

gap> R:=ResolutionNilpotentGroup(G,10);;

gap> ZG_Ranks_0f _R:=List([0..10],n->Dimension(R) (n));

L1, 8 28, 56, 70, 56, 28, 8, 1, 0, 0 1

gap> GeneratorsByDegree:=List([1..8],
n->Size(IntegralRingGenerators(R,n)));

(2, 6, 10, 8, 4, 0, 0, 0]



Harder example: H*(Syh(Mi2),F>)

gap> P := SylowSubgroup(MathieuGroup(12), 2);;

gap> ModPCohomologyRingPresentation(P);

Graded algebra GF(2)[ x_1, x_2, x_3, x_4, x_5, x_6, x_7 ]

[ x_ 2%x_3, x_1*%x_3, x_3*x_4, x_1"2%x_2+x_1*x_2"2+x_2"3+
X_2%x_4+x_2*x_5, X_272*%x_4+x_2%x_6, x_1"2*x_4+x_1*x_6+
X_2*%X_6+x_4"2+x_4*x_5, x_274+x_1*x_2*x_b+x_1*x_6+x_2%
X_6+x_4%x_5, x_172*%x_6+xX_1*x_2%xXx_6+xX_2"2*%xX_6+x_2%x_4%
X_Bb+x_4xx_6, Xx_1*xX_274+x_2"5+x_273%x_b+x_1*x_2%x_6+x_1%
X_4xx_b+x_2*%x_4xx_b+x_2*x_5"2+x_4*%x_6, X_273*x_6+x_1%
X_4*x_6+x_1%x_b*x_6+x_372*%x_T+x_3*x_b*x_6+x_4"2*%x_b+x_
672 ] with indeterminate degrees [ 1, 1, 1, 2, 2, 3, 4 ]

gap> time;

11709



Analysis of GAP function
A free FG-module (FG)" is a vector space of dimension n x |G]|.
So linear algebra can be used to compute

Hy(G,F) = H*(G,F)/H*=N(G,F).

for any small G and N > 1.



Analysis of GAP function
A free FG-module (FG)" is a vector space of dimension n x |G]|.
So linear algebra can be used to compute

Hy(G,F) = H*(G,F)/H="(G,F).
for any small G and N > 1.

For sufficiently large N a presentation for H*(G,F) can be got
from a presentation of Hy(G,TF).
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Finding N for the quaternion group G

» The central extension 1 — (; — G — (; x (5 — 1 yields the
LHS spectral sequence

Ef = H'(Gy x Co,F) @ H*(Go, F) = Flx, y, 2] = H*(G,F)

» Our CTC Wall resolution defines the derivation d>: E5 — Ej
by da(x) = da(y) = 0, da(z) = x* + xy + y*.
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by squares
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E5 is a finitely generated module over the subring S generated
by squares and d>: E5 — E; is a homomorphism of
S-modules.

(Fors:r2 €S rec B

dr(se) = da(s)e + sda(e) = 2da(r)e + sdx(e) = sda(e))

Use SINGULAR's Grobner basis routines to compute

E3 = ker(dz)/image(ds) = F[X,y,z2]/ <XH+yy+y>>



E5 is a finitely generated module over the subring S generated
by squares and d>: E5 — E; is a homomorphism of
S-modules.

(Fors:r2 €S rec B

dr(se) = da(s)e + sda(e) = 2da(r)e + sdx(e) = sda(e))

Use SINGULAR's Grobner basis routines to compute
E; = ker(dp)/image(d) = Flx,y, 2%/ < x*> +yy + y* >

Using the CTC Wall resolution to obtain the differential on
E3, repeat to find

Ey = EL =Flx,y,2°]/ <xX*+xy+y? y> >

Can set N = 4.



INFINITE GROUPS
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Does the presentation
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Example 1
Does the presentation

G = (X,y,Z : Xyxyx = yXyxy, yZyz = ZyzZy,XzX = ZXZ)

correspond to an aspherical 2-dimensional CW-space X7

We can change the CW-decomposition on X by considering
G=(x,y,z,a,b,c : xy=a, yz=b, zx =c,

a’x = ya®, b?> = zby, cz = xc).

gap> F:=FreeGroup(6);;x:=F.1;;y:=F.2;;z:=F.3;; a:=F.4;;
b:=F.b5;;c:=F.6;;

gap> rels:=[a”-1*xxy, b -1*y*xz, c"-1*xz*x,

a~2xxx (y*a~2) "-1, b 2x(z¥b*y) -1, cxzx(x*c) -1];;

gap> IsAspherical(F,rels);
true



Analysis of GAP command
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Analysis of GAP command

X
y z
a
X
b
g\ c
y& a Z@ z
y z x

Can we give each of the cells of X a euclidean metric such that
any loop in X has at least 27 radians? If yes, then X is aspherical.

This can be phrased as a linear programming problem which is
tackled using POLYMAKE software.



Example 2
The Artin group G =< x,y,Z : XyX = yxy,XZ = zX,
yzyzy = zyzyz > has

HY(G,Z) =Z (0 < n < 3), H"(G,Z) = 0 (n > 4).



Example 2
The Artin group G =< x,y,Z : XyX = yxy,XZ = zX,
yzyzy = zyzyz > has

HY(G,Z) =7 (0 < n < 3),H"(G,Z) = 0 (n > 4).

gap> D:=[[1,[2,3]1],[2,[3,511]1;;
gap> GroupCohomology(D,1);

[ 0]

gap> GroupCohomology(D,2) ;

[ 0]

gap> GroupCohomology(D,3);

[ 0]
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Analysis of GAP command
Let X be the "canonical” quotient of the 3-dimensional polytope

5

!
]

',“ &

This polytope is P(Wg) where Wg = G/ < x> = y?> =22 =1 >.

It was shown independently by C. Squier and M. Salvetti that such
a space X is aspherical. Hence H*(G,Z) = H*(X,Z).



Salvetti's proof.
W acts " by reflections” on a real vector space V and on an open
Tits" cone | C V.
A = set of reflecting hyperplanes,
M(Wg) =1®iV\ (UheaHBiIH) CCo®V =VaiV,
N(Wg) = M(We)/We.
K (m,1)-Conjecture
N(Wg) is an Eilenberg-Mac Lane space K(G,1).

Deligne proved this for finite Wj.
Salvetti proved X ~ N(Wg) (for any finite Wg).



Salvetti's proof.
W acts " by reflections” on a real vector space V and on an open

Tits" cone [ C V.
A = set of reflecting hyperplanes,
M(Wg) =1@iV\ (UyeaH®iIH)CCo V =VaiV,
N(Wg) = M(We)/We.
K (m,1)-Conjecture
N(Wg) is an Eilenberg-Mac Lane space K(G,1).

Deligne proved this for finite Wj.
Salvetti proved X ~ N(Wg) (for any finite Wg).

R. Charney and M. Davis proved X ~ N(W(g) for arbitrary Coxeter
groups Wg.



Conjecture
The Artin group G’ =< w, X, ¥,z : WXW = XWX, Wy = yW, WZw =
ZWZ, XyX = yXy,XZ = zX, yzyZy = zyzyz > has

HYG',Z) = H*(G',Z) = Z,

H3(G',Z) = (Z,)* @ Z?, H"(G',Z) =0 (n > 4).



Conjecture
The Artin group G’ =< w, X, ¥,z : WXW = XWX, Wy = yW, WZw =
ZWZ, XyX = yXy,XZ = zX, yzyZy = zyzyz > has

HYG',Z) = H*(G',Z) = Z,
H3(G',Z) = (Z,)* @ Z?, H"(G',Z) =0 (n > 4).
Computer evidence

gap> D:=[[1,[2,3],[4,3]]1,[2,(3,311,[3,[4,5]11];;
gap> GroupCohomology (D, 3) ;
[ 2, 2, 0, 0]

# etc.



Analysis of computer evidence

Let X’ be the "canonical” path-connected quotient of the four
polytopes:

l l |
‘ ‘
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Analysis of computer evidence

Let X’ be the "canonical” path-connected quotient of the four
polytopes:

. l |
‘ ‘

It is not known if X’ is aspherical. Remark: W is infinite whereas
W¢ was finite.

DA



An Artin group is a finitely presented group G whose defining
relators have the form xyx... = yxy....

The Coxeter group W is obtained by adding the relation x? =1
for each generator.
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k-cells correspond to those subsets of the generators of W that
generate finite subgroups.



An Artin group is a finitely presented group G whose defining
relators have the form xyx... = yxy....

The Coxeter group W is obtained by adding the relation x? =1
for each generator.

K(m,1)-conjecture

An Artin group admits a finite dimensional classifying space whose
k-cells correspond to those subsets of the generators of W that
generate finite subgroups.

Theorem (E & Skoldberg)
Let I be the graph of G. If the conjecture holds for every full
subgraph of I' involving no oo-edges, then it holds for I



Illustration
The conjecture holds for
G =< w,X,y,Z: WXW = XWX, Wy = yW, Xyx = yxy,
XZ = zX, yzZyzy = zyzyz >.
5




Illustration
The conjecture holds for
G =< w,X,y,Z: WXW = XWX, Wy = yW, Xyx = yxy,
XZ = zX, yzZyzy = zyzyz >.
5

Proof:




Example 3
The Artin group G defined by the Coxeter graph

00 4
q

4

o—o
has integral cohomology groups

HY(G,Z) ~ 7, G,Z)=Z H?(G,7Z) = 71,
H3G,Z) 2 Z, ® 7Y, HYG,Z)XZ @212 H(G,Z) 2 7, & 78,
H%(G,Z) = Z, H"(G,Z) = (n>7)



THE END
THANK YOU!



