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Recipe for calculating mod-p group cohomology rings

For a p-group G where k is the field of p elements, there is a
mechanistic method to compute the group cohomology:

1. Calculate nterms of a minimal projective resolution of the trivial
module k
Ph— ... Po—P—-kG—k—0
where P; = (kG)* and b; are the Betti numbers.

2. Use the resolution to find the generators of the cohomology ring
(those of degree < n)

3. Compute the relations among these generators

Implementations:
» Carlson (Magma )
» Green/King (SAGE )
» Bishop (GAP - Crime )
» Ellis/Smith (GAP - HAP /HAPprime )
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How many terms?

This group cohomology ring presentation is only correct modulo any
generators and relations of degree greater than n.

» Problem: How do we choose a ‘large enough n'?
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How many terms?

This group cohomology ring presentation is only correct modulo any
generators and relations of degree greater than n.

» Problem: How do we choose a ‘large enough n'?

Existing approach: Completion test (Carlson/Benson)

Set of theorems on the properties of mod-p cohomology rings
Compute cohomology ring for chosen n, then apply tests
Repeat with larger n if necessary

Implementations: Carlson (Magma ), Green/King (SAGE )

But tests are complicated — no GAP implementation yet
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Existing approach: Completion test (Carlson/Benson)

Set of theorems on the properties of mod-p cohomology rings
Compute cohomology ring for chosen n, then apply tests
Repeat with larger n if necessary

Implementations: Carlson (Magma ), Green/King (SAGE )

But tests are complicated — no GAP implementation yet
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We propose an alternative method which can determine a minimal
‘large enough n'.
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mod-p group cohomology rings are finitely-generated

How are we sure that there exists a ‘large-enough n’'?
» mod-p group cohomology rings are finitely-generated

» Proof: (Len Evens (1961)) The Lyndon-Hochschild-Serre
spectral sequence converges in a finite number of steps
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» mod-p group cohomology rings are finitely-generated
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» i.e. construct the Lyndon-Hochschild-Serre spectral sequence

Paul Smith Computing cohomology rings of p-groups: using spectral sequences for completion tests 4/27



mod-p group cohomology rings are finitely-generated

How are we sure that there exists a ‘large-enough n’'?
» mod-p group cohomology rings are finitely-generated
» Proof: (Len Evens (1961)) The Lyndon-Hochschild-Serre

spectral sequence converges in a finite number of steps

» We shall use this proof constructively
» i.e. construct the Lyndon-Hochschild-Serre spectral sequence

Talk outline

1.

1Sl A
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Spectral sequences

Computing Lyndon-Hochschild-Serre spectral sequence
Working with derivations in mod p

Using the L-H-S spectral sequence to compute cohomology ring

Example computations ﬁ.\
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Definitions: bigraded Abelian group

Definition
A bigraded Abelian group is a family of Abelian groups
E ={Epq}pqez

~q
Es3 Es3 Ez3 Ei3 Eo3

E4)3 E372 E272 E1,2 EO,2
E473 E371 E2,1 E1,1 E0,1

Ess Esp Ex o Eio Eopo
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Definitions: bigraded Abelian group

Definition
A bigraded Abelian group is a family of Abelian groups
E ={Ep.q}p.qez

c?egree 3

Es3 Ezs Ess

)

E degree 2
b2 Typically, the index
degree 1 n=p+qis called
Ess the degree.
degree 0
< .
p
Paul Smith
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Definitions: bigraded Abelian group

Definition
A bigraded Abelian group is a family of Abelian groups
E ={Ep.q}p.qez

dAegree 3

Es3 Ezs Ess

)

degree 2

E.
e Typically, the index
degree 1 n=p+qis called
Ess the degree.
degree 0
Es3
< .
p

A spectral sequence is a sequence E" of bigraded Abelian grousza
We call each group E" a sheet.
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Definitions: differential

Definition
A differential d : E — E is a family of morphisms of groups,
parameterised by r, such that d o d = 0 and

O Eng— Ep rgiri
N
[ ] [ ) [ ) [ ] [ )
[ [ ) [ ) [ J [ )
[ ) [ ) [ ) [ [ )
[ ] [ ) [ ) [ ] [ )
[ ] [ ) [ ) [} [ )

~
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Definitions: differential
Definition
A differential d : E — E is a family of morphisms of groups,
parameterised by r, such that d o d = 0 and

r .
dp,q 1 Epg — Ep—r,g+r—1

~q
° ° ° ° °
%5
° ° ° o —o
di,
. ° o0+ o
° ° ° ° °
° ° ° ° °
<
p
— 1. taton
r=1 dpuq tEpg— EP—LQ e
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Definitions: differential

Definition
A differential d : E — E is a family of morphisms of groups,
parameterised by r, such that d o d = 0 and

r .
dp,q 1 Epg — Ep—r,g+r—1
~q
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T
,3
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/df//dg/
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Definitions: differential

Definition
A differential d : E — E is a family of morphisms of groups,
parameterised by r, such that d o d = 0 and

r .
dp,q 1 Epg — Ep—r,g+r—1

~9

<

p
_ 3 .
r=3 dyq:Epqg— Ep-sgie

Paul Smith Computing cohomology rings of p-groups: using spectral sequences for completion tests 6/27



Definitions: homology of E

Recall that the differentials d : E — E square to zero:
dpfr,r+r71 o dp,q =0

which implies that
iMdp—rryr—1 C kerdpq
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Definitions: homology of E

Recall that the differentials d : E — E square to zero:

Oo—r,r4r—10 Upqg =0

which implies that
iMdp—rryr—1 C kerdpq

Definition
The homology of E is the bigraded group
H(E) = H(E, d) = {Hp,q(E)}p.qez With

ker dp g

Hpq(E) = ————
qu( ) im dpfr,r+r71
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Definitions: spectral sequence

Definition
A spectral sequence E = (E",d") is a collection of three sequences.
For each index r > 1, we have

. a sheet (bigraded Abelian group) E" = {E] ;}p qez
2. aset of differentials on the sheet d" = {dj ,}p.qez
3. the isomorphism E™' = H(E", d")
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Definitions: spectral sequence

Definition
A spectral sequence E = (E",d") is a collection of three sequences.
For each index r > 1, we have

. a sheet (bigraded Abelian group) E" = {E] ;}p qez
2. aset of differentials on the sheet d" = {dj ,}p.qez
3. the isomorphism E™' = H(E", d")

» Given an initial sheet E' and the differentials d” for r > 1, we can
generate all other sheets

» Each sheet is contained within the previous one, i.e. E[)Jq‘ - E[,,q

» In some useful cases the spectral sequence converges to the
final groups Eg%, = ;>4 Ep
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The Lyndon-Hochschild-Serre spectral sequence

Let N — G — Q be a central extension of the group G. Then:
> the sheet E5 , = HP(Q, HI(N, k))
» the sheets represent a graded algebra, not just a module
» under multiplication the differentials are derivations, i.e.
d(xy) = d(x)y + xd(y)
» additively, the spectral sequence converges to the group
cohomology ring: EgS, = HPT9(G, k)
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The Lyndon-Hochschild-Serre spectral sequence

Let N — G — Q be a central extension of the group G. Then:
> the sheet E5 , = HP(Q, HI(N, k))
» the sheets represent a graded algebra, not just a module

» under multiplication the differentials are derivations, i.e.
d(xy) = d(x)y + xd(y)

» additively, the spectral sequence converges to the group
cohomology ring: EgS, = HPT9(G, k)

Issues:

1. We don’t get the true cohomology ring, only something of the
same ‘size’

2. To calculate this spectral sequence, we need to be able to find
and work with derivations
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The L-H-S spectral sequence as a completion criterion

» The final ring E2° is not necessarily isomorphic to H*(G, k)
» But E2° is an associate graded ring of H*(G, k)

» The generators and relations for EX occur in the same degrees
as for H*(G, k)
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The L-H-S spectral sequence as a completion criterion

» The final ring E2° is not necessarily isomorphic to H*(G, k)
» But E2° is an associate graded ring of H*(G, k)

» The generators and relations for EX occur in the same degrees
as for H*(G, k)

Completion criterion

» The maximum generator or relation degree in E2° is the same as
the maximum generator or relation degree in H*(G, k).

» This is the same as the minimum ‘large enough’ n
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The L-H-S spectral sequence as a completion criterion

» The final ring E2° is not necessarily isomorphic to H*(G, k)
» But E2° is an associate graded ring of H*(G, k)

» The generators and relations for EX occur in the same degrees
as for H*(G, k)

Completion criterion
» The maximum generator or relation degree in E2° is the same as
the maximum generator or relation degree in H*(G, k).
» This is the same as the minimum ‘large enough’ n

Approach: Use the L-H-S spectral sequence to find n, then calculate
H*(G, k) in the traditional manner. We will then know that we have all
the generators and relations.
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The L-H-S spectral sequence as a completion criterion

» The final ring E2° is not necessarily isomorphic to H*(G, k)
» But E2° is an associate graded ring of H*(G, k)

» The generators and relations for EX occur in the same degrees
as for H*(G, k)

Completion criterion
» The maximum generator or relation degree in E2° is the same as
the maximum generator or relation degree in H*(G, k).
» This is the same as the minimum ‘large enough’ n

Approach: Use the L-H-S spectral sequence to find n, then calculate
H*(G, k) in the traditional manner. We will then know that we have all
the generators and relations.

By contrast, the Carlson/Benson completion criteria only give a
sufficient n, not the smallest value
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The challenge of derivations

Finding and working with the differentials is usually the challenge
when working with spectral sequences.
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The challenge of derivations

Finding and working with the differentials is usually the challenge
when working with spectral sequences.

Problem 1: Finding the differentials
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The challenge of derivations

Finding and working with the differentials is usually the challenge
when working with spectral sequences.

Problem 1: Finding the differentials
In the Lyndon-Hochschild-Serre spectral sequence, the differentials
can be found from the resolutions for Q and N using a theorem of
C.T.C. wall
» Already (mostly) implemented in the HAP package for GAP
(Ellis)

Paul Smith Computing cohomology rings of p-groups: using spectral sequences for completion tests 1/27



The challenge of derivations

Problem 2: Finding the kernel of a differential

In calculating H(E) = ker d/im d, the hard part is finding the kernel of
the differential.
Recall that here, the differentials are derivations:

d(x+y) = d(x)+d(y)
d(xy) = d(x)y + xd(y)
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The challenge of derivations

Paul Smith

Problem 2: Finding the kernel of a differential

In calculating H(E) = kerd/im d, the hard part is finding the kernel of
the differential.
Recall that here, the differentials are derivations:

d(x+y) = d(x)+d(y)
d(xy) = d(x)y + xd(y)

Thus:
» A derivation is a module homomorphism
A derivation is not a ring homomorphism
The kernel of a derivation is not an ideal
Computing ker(d) is not easy in the general case

Kernel of derivation is not a standard part of computational
algebra packages (e.g. Singular , CoCoA ) J',-\

2

v
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J|
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The kernel of a derivation in characteristic 2

Consider a polynomial ring R = Fz[x, y] and a derivation d : R — R.
Then,

d(r®) =rd(r)+d(r)r=2rd(r)=0 mod2 VrcR
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The kernel of a derivation in characteristic 2

Consider a polynomial ring R = Fz[x, y] and a derivation d : R — R.
Then,

d(r®) =rd(r)+d(r)r=2rd(r)=0 mod2 VrcR

Consider R O S = F2[x2, y?]. Then R is a finitely-generated, free
S-module:
R=S®Sx®Sy®Sxy
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The kernel of a derivation in characteristic 2

Consider a polynomial ring R = Fz[x, y] and a derivation d : R — R.
Then,

d(r®) =rd(r)+d(r)r=2rd(r)=0 mod2 VrcR

Consider R O S = F2[x2, y?]. Then R is a finitely-generated, free
S-module:

R=S®Sx®Sy®Sxy
For any elementr € Rand s € S:
d(rs) = rd(s) + sd(r) = sd(r)

So d is an S-module homomorphism.
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The kernel of a derivation in characteristic 2

Consider a polynomial ring R = Fz[x, y] and a derivation d : R — R.
Then,

d(r®) =rd(r)+d(r)r=2rd(r)=0 mod2 VrcR
Consider R O S = F2[x2, y?]. Then R is a finitely-generated, free
S-module:
R=S®Sx®Sy®Sxy
For any elementr € Rand s € S:
d(rs) = rd(s) + sd(r) = sd(r)

So d is an S-module homomorphism.

The argument can be made in any positive characteristic p, using u‘
S = Fp [X p, yP ] r\.um’l[1."’.[,,’::\
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Computing the kernel of a derivation in characteristic 2

We can calculate the kernel of an R-derivation by treating it as an a
S-module homomorphism.
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Computing the kernel of a derivation in characteristic 2

We can calculate the kernel of an R-derivation by treating it as an a
S-module homomorphism.

1. Write d as an S-module homomorphism ds:

» Let S be the subring Fo[xZ, . .. x2]
» Write the images of the module generators in S-module form
» Convert relations into a module ideal
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1. Write d as an S-module homomorphism ds:

» Let S be the subring Fo[xZ, . .. x2]
» Write the images of the module generators in S-module form
» Convert relations into a module ideal

2. Calculate ker ds using a standard commutative algebra package
(e.g. Singular )
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We can calculate the kernel of an R-derivation by treating it as an a
S-module homomorphism.

1. Write d as an S-module homomorphism ds:
» Let S be the subring Fo[xZ, . .. x2]
» Write the images of the module generators in S-module form
» Convert relations into a module ideal
2. Calculate ker ds using a standard commutative algebra package
(e.g. Singular )
3. Convert module basis for ker dg into elements of R
» Gives a (redundant) generating set for ker d
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Computing the kernel of a derivation in characteristic 2

We can calculate the kernel of an R-derivation by treating it as an a
S-module homomorphism.

1. Write d as an S-module homomorphism ds:
» Let S be the subring Fo[xZ, . .. x2]

» Write the images of the module generators in S-module form
» Convert relations into a module ideal

2. Calculate ker ds using a standard commutative algebra package
(e.g. Singular )
3. Convert module basis for ker dg into elements of R
» Gives a (redundant) generating set for ker d
4. Find a minimal set of generators and relations for ker d

» The generating set can be large, but we have some methods to
deal with this
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Recipe for calculating mod-p group cohomology ring

To compute the mod-p group cohomology ring for a group G

1. Compute the Lyndon-Hochschild-Serre spectral sequence to find
E>
1.1 For a central extension N — G — Q, compute resolutions and
cohomology rings for N and Q (note that |N| < |G| and |Q| < |G])
1.2 Construct E? sheet (E2 = H*(Q,F) ® H*(N,TF))
1.3 Calculate derivations d? (calculated using C.T.C. Wall)
1.4 Repeat
» Let EI*' = H(E',d") (calculated using kernel of derivation)
> Calculate next derivations d”

Until all future derivationsd’ =0 VvV i>r
2. Let nbe the maximum degree in generators and relations of EX

3. Compute the cohomology ring for G

3.1 Compute minimal resolution of length n for G
3.2 Compute cohomology ring from resolution in the normal manner
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Example: Group cohomology ring for Qs

The central extension for Qg is Co — Qg —» Co x Co
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Example: Group cohomology ring for Qs

The central extension for Qg is Co — Qg —» Co x Co
1. Calculate minimal projective resolutions for N = C, and
Q= Cz X Cz
FN — FN — FN — FN — F —0
FQ* - FQ® - FQ* - FQ —F —0
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Example: Group cohomology ring for Qs

The central extension for Qg is Co — Qg —» Co x Co

1. Calculate minimal projective resolutions for N = C, and
Q= Cz X Cz

FN — FN — FN — FN — F —0
FQ* - FQ® - FQ*> - FQ —F —0

2. Calculate group cohomology ring presentations for N and Q

H*(Cy,F) = Fe]
H*(C x Ca,F) = F[x, ]
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Example: Group cohomology ring for Qs

3. Create E? sheet: E? = F[x, y] ® F[e]

E? sheet:

Q

o

Q.

@

[oR

ER

w

=4

€ |3

E

e |2

Il

=

@

graded basis of H*(Q, F) = F[x, y] ! —

X3y x2, 8 P xy. P Xy 1

National Univ

d,
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Example: Group cohomology ring for Qs

3. Create E? sheet: E? = F[x, y] ® F[e]

E? sheet:
F® F# F3 F2 F H
3
S F* IF3 F2 F S |3
5 74 F3 F2 F 2 |z
B
[F® F4 [F8 2 F e =
Il
5 4 3 2 =
gradIgd basis of E*(O, F) :]%[)ﬁ b F T

X3y x2, 8 P xy. P Xy 1

Paul Smith



Example: Group cohomology ring for Qs

3. Create E? sheet: E? = F[x, y] ® F[e]
4. Calculate derivations d? for ring generators

E? sheet:

5 F4 F3 IF2 F

[F® 4 I3 [F2 F A

F® F4 8 IF2 F 2

[F® 4 3 [F2 F )

F5 F* S ‘IF/2 F 1
Bty 2 2y g 1

National U
ol
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Example: Group cohomology ring for Qs

3. Create E? sheet: E? = F[x, y] ® F[e]
4. Calculate derivations d? for ring generators

E? sheet:
7S 4 3 F2 F
[ F4 3 [F2 F &
FS IF4 IFS IFZ F 2 dz(X) =0
d?(y) =0
7 F 3 B2y _F . 2( ) ) )
V d?(e) =x*+xy+y
7S F4 73 2 F 1

B2y 02, 8 P xy, P X,y 1
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Example: Group cohomology ring for Qs

5. Compute homology to create E? sheet: E3 = H(E?, d?)

E? sheet:
[F® 4 [F3 [F2 F
F5 4 F3 2 F a d*(x) =0
2 _
Fe F* Fe Fe F ¢ ZZEQ ; ?(2 + Xy + y?
5 F4 8 F2 F .
[F® 4 [F3 [F2 F :

3

3, %y, 2, 8

X2, xy, y? X,y 1
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Example: Group cohomology ring for Qs

5. Compute homology to create E? sheet: E3 = H(E?, d?)

E? sheet:
[F® 4
5 F4
[F® 4
5 F4
[F® 4

Paul Smith

3

X3,y 22,y

3

e [F2
IF3 [F2
FS [F2
[F3 [F2
Fe [F2
X2, Xy, y2 X,y

Fx,y, €]
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Example: Group cohomology ring for Qs

5. Compute homology to create E? sheet: E3 = H(E?, d?)

ES sheet:
[F2 F2 [F2 72 F
0 0 0 0 0 B H(E? d*) = E° =
Fx,y, €]
F2 F2 F2 F2 F 2 X2+ xy+y2
0 0 0 0 0 .
[F2 F2 [F2 F2 F 1
Xyz,y3 Xy,yz X,y 1
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Example: Group cohomology ring for Qs

5. Compute homology to create E3 sheet: E3 = H(E?, d?)
6. Calculate derivations d® for ring generators

E? sheet:
[F2 F2 [F2 72 F
0 0 0 0 0 B H(E? d*) = E° =
Fx,y, €]
2 F2 ¢ X2+ xy +y?

0 0

[F2 F2

XY=,y XY,y X,y 1
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Example: Group cohomology ring for Qs

7. Compute homology to create E* sheet: E4 = H(E3, d®)

E® sheet:
F2 2 F2 2 F
0 0 0 0 0 P ’(x)=0
Py)=0
2 2 2 2
F F F F F 2 Fle)—
0 0 0 0 0 .
H(ES, d3) _ E4 _
FZ F2 FZ IFZ F ; ]F[X7 y’ e4]
2 2 3
Xyz,y3 Xy,y2 X,y 1 X + Xy +y 9 y
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Example: Group cohomology ring for Qs

7. Compute homology to create E* sheet: E4 = H(E3, d®)

E* sheet:

0 F2

0 0

0 0

0 0

0 F2
2.y

Paul Smith

3

[F2 2 F o
0 0 0 & H(E®, d®) = E* =
O 0 O &2 ]F[Xv ya e4]
X2+ xy+y? y°
0 0 0 e
[F2 2 F 1
)(y.,y2 X,y 1
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Example: Group cohomology ring for Qs

7. Compute homology to create E* sheet: E4 = H(E3, d®)
8. Calculate derivations d* for ring generators

E* sheet:
0 F? F2 2 F &t
0 el H(E3, d3) = F* =
O &2 ]F[Xv yv e4]
X2+ xy+y? y°
0 e
0 F? F2 F2 F 1 d*
a*
%2, y3 xy, y? Xy 1 d
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Example: Group cohomology ring for Qs

Now it is easy: o o o
3

> E4— __Flxyel °e g’
* = XZixytyZ, ) 0 0 E

> d4() — 0 0 0 e

0 0 o F ¥ F F 1

» Hence E2 = H(E*, d*) = E?

d, Galway
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Example: Group cohomology ring for Qs

Now it is easy: o
3

4 _ _ Flxy.e’ °

> E* = X2txy+yZ, B &
> () =0 g

» Hence E2 = H(E*, d*) = E?

And every higher differential is also zero, so
E*=FE=.. . =E>
and we have convergence:

oo F[Xay7e4]
XXy YR Y8

National
ol
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Example: Group cohomology ring for Qs

oo ]F[X’ yv 64]
X+ xy+y2, 8
This is only additively the same as the cohomology. Even so, we can
already state:
» The Hilbert-Poincaré series is (12 +t +1)/(—t3 + 2 — t +1)

>~ H*(G,F)
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Example: Group cohomology ring for Qs

Eoo_ ]F[Xayve4]
XXy YR Y8

This is only additively the same as the cohomology. Even so, we can
already state:

» The Hilbert-Poincaré series is (12 +t +1)/(—t3 + 2 — t +1)

>~ H*(G,F)

But this is enough to find a value for n, the resolution length needed
to calculate the true cohomology ring

» The generators are of degrees 1, 1 and 4
» The relations are of degrees 2 and 3
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Example: Group cohomology ring for Qs

Eoo_ ]F[Xayve4]
XXy YR Y8

This is only additively the same as the cohomology. Even so, we can
already state:

» The Hilbert-Poincaré series is (12 +t +1)/(—t3 + 2 — t +1)

>~ H*(G,F)

But this is enough to find a value for n, the resolution length needed
to calculate the true cohomology ring

» The generators are of degrees 1, 1 and 4
» The relations are of degrees 2 and 3
» To capture all generators and relations, need n > 4
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Example: Group cohomology ring for Qs

o Flx,y, €]
EX =
X2+ xy+y2, y°
This is only additively the same as the cohomology. Even so, we can
already state:

» The Hilbert-Poincaré series is (12 +t+1)/(—t3 + 2 —t + 1)

>~ H*(G,F)

But this is enough to find a value for n, the resolution length needed
to calculate the true cohomology ring

» The generators are of degrees 1, 1 and 4

» The relations are of degrees 2 and 3

» To capture all generators and relations, need n > 4

» Calculate cohomology ring using resolution of length 4
» In fact, in this case E>* = H*(G,F)
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Example: GAP computation for a group of order 128

gap> G := SmallGroup(128, 928);;

gap> A := ModPCohomologyRingPresentationSpectralSequence (G); StringTime (time);
<graded algebra>

" 0:00:54.575"

gap> n := MaximumNeededDegreeInPresentation (A);

6

gap> ModPCohomologyRingPresentation (G, n);StringTime(time);

[ GF(2) [x_1,x_2,%_3,%x_4,%x_5,%x_6,%x_7,%_8,x_9],

[ x_6+x_8, X_5%x_7, x_5%x_6, x_3%x_5, X_2+x_T+x_3*x_8, X_2+x_6, x_1%x_8,
x_1xx_7, x_1lxx_4, x_1xx_3, x_1l+x_2,
X_372%X_9+X_3%X_4*x_TH+X_4"2%x_6+x_T"2, X_2%x_3*x_9+x_3*x_4*x_8+x_T+x_8,
X_272%X_9+x_2%x_4*x_8+x_4"2+xx_S5+x_8%2 1, [ 1, 1, 1, 2, 2, 2, 3, 3, 41 1]

" 0:00:30.434"

For this arbitrary group of order 128:

Spectral sequence converges after 6 sheets

» 54 seconds to calculate spectral sequence

» 30 seconds to calculate cohomology ring with n = 6
>

>

v

Memory requirement: < 100Mb
EZ* 2 H(G, k)

National U d, Galway
Ollsco limb
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Example: GAP computation for a group of order 128

gap> G := SmallGroup(128, 928);;

gap> A := ModPCohomologyRingPresentationSpectralSequence (G); StringTime (time);
<graded algebra>

" 0:00:54.575"

gap> n := MaximumNeededDegreeInPresentation (A);

6

gap> ModPCohomologyRingPresentation (G, n);StringTime(time);

[ GF(2) [x_1,x_2,%_3,%x_4,%x_5,%x_6,%x_7,%_8,x_9],

[ x_6+x_8, X_5%x_7, x_5%x_6, x_3%x_5, X_2+x_T+x_3*x_8, X_2+x_6, x_1%x_8,
x_1xx_7, x_1lxx_4, x_1xx_3, x_1l+x_2,
X_372%X_9+X_3%X_4*x_TH+X_4"2%x_6+x_T"2, X_2%x_3*x_9+x_3*x_4*x_8+x_T+x_8,
X_272%X_9+x_2%x_4*x_8+x_4"2+xx_S5+x_8%2 1, [ 1, 1, 1, 2, 2, 2, 3, 3, 41 1]

" 0:00:30.434"

For this arbitrary group of order 128:

Spectral sequence converges after 6 sheets

» 54 seconds to calculate spectral sequence

» 30 seconds to calculate cohomology ring with n = 6
>

>

v

Memory requirement: < 100Mb
EZ* 2 H(G, k)

v

Carlson convergence criteria here needs n =12
Calculating ring using n = 12 takes > 12 hours and > 1:6GH

v
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Example GAP timings for all groups of order 32

gap> L := List (AllSmallGroups (32), x->ModPCohomologyRingPresentationSpectralSequence (x));;

gap> StringTime (time);

"0:36:24.408"

gap> degs := List (L,

> HAPPRIME_MaximumNeededDegreeInPresentation);

{4, 2, 2,4, 6,8, 12, 4, 6, 6, 2, 2, 2, 6, 2, 6, 2, 6, 4, 2,
4, 4, 2, 6, 6, 6, 6, 6, 2, 4, 2, 6, 4, 2, 6, 4, 4, 6, 10, 2,
]

gap> List ([1..51], i->ModPCohomologyRingPresentation(SmallGroup (32, i), degs[il));

gap> StringTime (time);

" 0:00:29.838"

gap>

gap> List (AllSmallGroups (32), x->ModPCohomologyRingPresentation (x, 12));;

StringTime (time);

"0:03:06.116"

4, 2, 6, 2,
2,4, 4, 4, 8

Using spectral sequences: Using Carlson completion criteria:
» 34 minutes to calculate all » Largest nis 12; median nis 6
spectral sequences » 7 minutes to calculate all
» Largest number of sheets is cohomology rings to
10; median is 6 necessary length
» Largest nis 12; median nis 4 » Time does not include
» 30 seconds to calculate all completion test _ﬁ'\

cohomology rings
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Conclusion

» Evens’ finite presentation proof can be used constructively

» Gives a completion criteria for mod-p cohomology ring
calculations

» The Lyndon-Hochschild-Serre spectral sequence can be
efficiently computed

» Derivations over mod-p rings can be treated as module
homomorphisms

» The spectral sequence gives the additive structure for H*(G, k),
and a minimal ‘large enough’ value for n

» Have an efficient implemention in the GAP package HAPprime

Thanks , _
Cﬁ‘? Funded by Marie Curie Transfer of Knowledge grant

MTKD-CT-2006-042685.
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Example: GAP output for conomology computation

Paul Smith

gap> G := SmallGroup (64, 31);;
gap> A := ModPCohomologyRingPresentationSpectralSequence (G) ;
#I E_2 = GF(2)[ 2z, v, x 1/[ z"2+zxy ] x GF(2)[ w, v 1/[ w*2 ]
#I with generator degrees [ 1, 1, 2 ] and [ 1, 2 ] respectively
#I d_2(z) = zero
#I d_2(y) = zero
#1 d_2(x) = zero
#1 d_2(w) = z"2 = zxy mod I
#I d_2(v) = 0%2(2)
#I E_3 = GF(2)[ v, %, Y, 2z, zxwtyxw 1/[ z"2+W 2+y"2xw"2, z"2xwtzxy*xw, z°2, z*\
v ]
#I d_3(v) = z"3+y*x = yxx mod I
#1 d_3(x) = zero
#I d_3(y) = zero
#I d_3(z) = zero
#I d_3(zxwt+y*w) = zero
#I E_4 = GF(2) [ z*wtyxw, z, y, X, z*v, v"2 1/[ 272xv"2, zxy*v, y*x, z"2xv, z*\
Y, 272, Z024WAVHZAYAWAV, Z 2xWHZxyHw, z 2xWN2+y"2+xwh2 ]
#I d_4 (zxw+y*w) = zero
#I d_4(z) = zero
#I d_4(y) = zero
#1 d_4(x) = zero ,
#1I d_4(zxv) = zero N
#1 d_4(vr2) = 0%2(2) ﬁj
National University o Yreland, Galway

Dliscoil n reann, Gaillimb
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Example: GAP output for conomology computation

#I E_5 = GF(2) [ z*wtyxw, z, Y, X, z*v, v"2 ]/[ 2"2xv"2, zxy*v, y*x, z"2xv, z*\
Y, 272, z72xWxVHzxy*xWxV, z 2xWHzxysw, 2z 2xWN2+y"24wh2 ]
#I d_5(zxw+y*w) = zero
#1 d_5(z) = zero
#I d_5(y) = zero
#1 d_5(x) = zero
#I d_5(zxv) = zero
#1 d_5(v"2) = z"5+2"3xx+y"3*xx+y*x"2 = 0%Z(2) mod I
#I E_6 = GF(2) [ z*xwty*w, 2z, y, X, z*xv, v 2 1/[ z2"2xv"2, z*xy*Vv, y*X, z"2%v, zZx\
Y, 272, z72xwWxvtzxyxwxv, z 2xwtzxysw, z 2xwh2+y"24wh2 ]
#I d_6 (zxwt+tyxw) = zero
#I d_6(z) = zero
#1 d_6(y) = zero
#1 d_6(x) = zero
#I d_6(zxv) = zero
#I d_6(v~2) = zero
#I E_inf = GF(2) [ z*wt+y*w, z, y, X, z*xv, Vv 2 1/[ z"2%v"2, zxy*v, y*x, z"2%v, \
ZxY, 272, Z 2HxWAVHZxYAWrV, Z 2xWHzxy*wW, 2z 2xW 2+yt2xwh2 ]
#I Renaming indeterminates and sorting into increasing degree
[l GF(2) [z,y,%,w,v,ul,
v*2, xxv, X2, y*V, y*W, zxv, z*xX, z*y, z"2 1, [ 1, 1, 2, 2, 3,
National U reland, Galway

Paul Smith
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Ollscoi n, Gaillimb
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Example: GAP output for conomology computation

So. E® — Fa[z,y,x,w,v,U]
b (v3, xv, x2, yv, yw, zv, zx, zy, 2°)

gap> List (A[2], x—>DegreeOfPolynomial (A, x));
[ 6, 5 4, 4, 3, 4, 3, 2, 2]

The maximum degree in the presentation is n = 6.

gap> B := ModPCohomologyRingPresentation (G, 6);

[ GF(2)[z,y,x,w,Vv,ul,
[ Wh2, Y*V, YV*X, Z*xV+X*wW, z*w, z*xy, z"2, X"3+v"2, zxx"2+wxv ],
i 1, 2,2, 3, 411

gap>
gap> RingPresentationsArelIsomorphic (A, B);
false

Folz,y,x,w,v, U
H*(G,Fg) _ 22y VU]

(w2, yv, yx, zv+xw, zw, zy, z2, x3+Vv2, zx24+wv)

and in this case E® 2 H*(G, F).

National Unive
Ollscoi
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